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The Fundamental Theorem of Calculus
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Integration is the reverse process of differentiation.

This is shown by the Fundamental Theorem of Calculus:

  
 



 

We can therefore work out the integral of a function if we know the reverse 
derivative.

   

   

•  

•  

   

   

•  

•  
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Exemplar Exam Question

•  

Only 2 marks, not much 
working involved.

How do we go from 
gradient function to 
equation of a curve?

What will this information 
be useful for?

Why does it say a full 
equation?
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Exemplar Exam Question Answer

 

 

 

Determine the integral of each term and put together

  

 
[1 Mark]
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Exemplar Exam Question Answer

 

 

 

 

[1 Mark]
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Integration of Trigonometric and Exponential Functions
We can use the fundamental theorem of calculus to deduce integrals of 
trigonometric and exponential functions.

   

   

•  

•  

   

   

•  

•  
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The following table gives the integrals of trigonometric functions that will be 
useful to know:

Function

Integral

Function

Integral
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Integration of Trigonometric and Exponential Functions



Exemplar Exam Question

•  

Only 2 marks for three 
terms.

All relatively simple 
looking functions, 
testing basic knowledge 
rather than complex 
calculation skills.

Don’t forget the 
constant term!
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Exemplar Exam Question Answer

Integrate term by term using knowledge of standard differentials.

First term is polynomial, but constant in front is incorrect.
Need to include a constant in answer to compensate
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Exemplar Exam Question Answer

Integrate term by term using knowledge of standard differentials.

Next form looks like it follows the same rule, but is an exception
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[1 Mark]



Exemplar Exam Question Answer

Integrate term by term using knowledge of standard differentials.

Last term is a trigonometric function you should recognise
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Exemplar Exam Question Answer

[1 Mark]
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Reverse Chain Rule
We can use the reverse chain rule to integrate more complex functions.

 •  

 

 
•  
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Reverse Chain Rule
The rule can be extended to other cases of derivatives found with the chain rule

 •  

 

 •  
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Exemplar Exam Question

•  

Can we use 
exponential 
laws to 
simplify this?

[2 marks]

[2 marks]

2 marks eachHow can we link 
this to a standard 
integral?
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Exemplar Exam Question Answer

(i) Rearrange to obtain a function that is easier to integrate.

[1 Mark]

We can use properties of exponentials to simplify the integral.
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Exemplar Exam Question Answer

Integrate using reverse chain rule

[1 Mark]
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Exemplar Exam Question Answer

(ii) Rewrite into an easier to understand integral
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Exemplar Exam Question Answer

[1 Mark]

 

Apply the inverse chain rule  

  

  

  

[1 Mark]

Pure Mathematics: Integration



Applying Integration
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Integration as the Limit of a Sum
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Integrating a function is equivalent to summing the area of rectangles fitted 
underneath the curve of the function.
 

  

 



Integration as the Area Under a Curve
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• A definite integral has limits.
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1. Find the area under each curve between the 
limits.

2. Subtract the area under the lower curve.

 

 



Exemplar Exam Question

•  
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How to find areas under 
curves and difference 
between them

5 mark question, 5 key steps. 
Two for each integral and 
one for finding difference

Think back to standard 
integrals, what ones apply 
here?

Cannot just plug 
into calculator!



Exemplar Exam Question
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Exemplar Exam Question Answer
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[1 Mark]



Exemplar Exam Question Answer
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[1 Mark]



Exemplar Exam Question Answer
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[1 Mark]



Exemplar Exam Question Answer
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[1 Mark]



Exemplar Exam Question Answer

Find difference between areas
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[1 Mark]



First Order Differential Equations
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We can use integration to solve equations of the form:
 

 

 

 

 



First Order Differential Equations
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Exemplar Exam Question

•  
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[3 Marks]

[2 Marks]

One long 5-mark question 
broken down to 2 parts

Lot of information, what 
differential equations are we 
working with?

What does initial radius mean in 
terms of our solution?

Questions are indicating what 
kind of answers you should 
expect, good way of checking



Exemplar Exam Question Answer

 

 

 

Pure Mathematics: Integration

 



Exemplar Exam Question Answer
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Form integral on both sides.
 

 

[1 Mark]



Exemplar Exam Question Answer
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Solve integrals

 

 

 

Integrate both sides. Remember to include a constant term.

 
[1 Mark]



Exemplar Exam Question Answer
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Take exponentials of both sides

 

 

 

 

 

 [1 Mark]



Exemplar Exam Question Answer
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 [1 Mark]



Exemplar Exam Question Answer
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[1 Mark]



Integration Methods
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Partial Fractions
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Partial fractions can transform an expression which is difficult to integrate to 
several expressions which are easier to integrate.

  

To convert an algebraic fraction to partial fraction form:

• Factorise the denominator.

• Equate to partial fraction form.

  



Partial Fractions
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• Multiply both sides by the denominator factors.

 

 

 

 

 

 

 

 

 

 



Partial Fractions
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• When the denominator contains a repeated (squared) factor which cannot be 
factorised, this factor appears twice in the partial fractions:

 

• When the highest power of the numerator is more than the highest power of 
the denominator, we have first use algebraic division:

   

 



Exemplar Exam Question

•  
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4 steps, a fair amount of 
work to be done to get 
result.

Too complicated to 
integrate, can we use 
partial fractions?

Expect to see logarithms 
or reciprocals in solution

Remember constant of 
integration



Exemplar Exam Question Answer

 

Factorise denominator of fraction
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Recognise squared bracket and factorise again

 



Exemplar Exam Question Answer

Highest power of numerator is less than denominator.
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So fraction can break down into 

 

 

 

[1 Mark]

Split into partial fractions.



Exemplar Exam Question Answer
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 [1 Mark]



Exemplar Exam Question Answer
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Exemplar Exam Question Answer
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[1 Mark]



Exemplar Exam Question Answer

Integrate function in partial fraction form.
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So integral has general solution
 

[1 Mark]
 



Integration by Substitution
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Changing the variable of an integral can sometimes simplify integration.

• In your exam you will often be instructed which substitution to use.

 

 
 



Integration by Substitution
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3. Change the limits of the integral.

4. Carry out the integration.



Exemplar Exam Question

•  

Pure Mathematics: Integration

What trig identities would 
be helpful in this question?

4 marks, 4 main steps to 
calculation

 

Don’t forget constant!



Exemplar Exam Question Answer
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Exemplar Exam Question Answer
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[1 Mark]

 

 

 

 

 



Exemplar Exam Question Answer
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[1 Mark]

 

 



Exemplar Exam Question Answer

Rearrange and simplify integral
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Exemplar Exam Question Answer

Square root is now easy to resolve, can also move other terms to 
give
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[1 Mark]

 

Trig functions in numerator and denominator cancel so integral 
simplifies to

 



Exemplar Exam Question Answer
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Integral is just a constant, so can easily resolve to give

 

Resolve integral



Exemplar Exam Question Answer
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[1 Mark]



Integration by Parts
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To integrate products of functions we can use integration by parts:

 



Integration by Parts
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Exemplar Exam Question

•  
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What are limits for integral?

 

5 steps to question

The product of 2 functions 
means we will have to use 
integration by parts.

Recall how to calculate the 
area under a curve.
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Exemplar Exam Question Answer
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Construct integral

 

Exact area under the curve is given by its integral.

Set limits to be the boundaries of the given domain.
 



Exemplar Exam Question Answer
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Integral cannot be solved in current form. Integrate by parts to 
simplify
 

 

 
[1 Mark]



Exemplar Exam Question Answer
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Apply to formula

To find

 

 

 

 

[1 Mark]



Exemplar Exam Question Answer
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[1 Mark]



Exemplar Exam Question Answer
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Substitute bounds to find area:

 

 

 

 

[1 Mark]



MINI MOCK PAPER

Mini Mock Paper



Exam Question

•  

Mini Mock Paper

[3 marks]

[5 marks]



Exam Question Answer

Mini Mock Paper

 

 

 

 

 

[1 Mark]



Exam Question Answer

Mini Mock Paper

Resolve integral
 

 

 

 

 

[1 Mark]

 
[1 Mark]



Exam Question Answer

Mini Mock Paper

 

 

 

Simplify R.H.S

 

 

[1 Mark]



Exam Question Answer

Mini Mock Paper

 

 

[1 Mark]

 

 

 



Exam Question Answer

Mini Mock Paper

 

 

 

[1 Mark]

 

 

 



Exam Question Answer

Mini Mock Paper

Simplify exponential
 

 

[1 Mark]

 

 

 

[1 Mark]



Exam Question

•  

Mini Mock Paper



Mini Mock Paper

 

 

 
 

 

 



Exam Question Answer

Mini Mock Paper

Construct integral

 

Exact area under the curve is given by its integral.

Set limits to be the boundaries of the given domain.
 



Exam Question Answer

Mini Mock Paper

 

 

Integral cannot be solved in current form. Integrate by parts to 
simplify
 

 

 



Exam Question Answer

Mini Mock Paper

 

Apply to formula

To find

 

 

 

 

[1 Mark]



Exam Question Answer

Mini Mock Paper

 

 

 

 

 

 



Exam Question Answer

Mini Mock Paper

 

Apply to formula

 

 

 

 
[1 Mark]



Exam Question Answer

Mini Mock Paper

Solve remaining integral.

 

Last integral can be solved normally:
 

 

[1 Mark]



Exam Question Answer

Mini Mock Paper

Plug in the limits for the integral.

 

 

 
[1 Mark]



Exam Question Answer

Mini Mock Paper

 

 

 

[1 Mark]


